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Effects of Injection Angle on Atomization
of Liquid Jets in Transverse Air� ow
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An experimental investigation was conducted to study and characterize the effects of injection angle on the
breakup processes of turbulent liquid jets in a subsonic cross� ow of air. With water as the test liquid, the injec-
tion angle, freestream Mach number, and injection velocity were varied over a wide range to provide an extensive
databaseof experimentalresults. Pulsed shadowgraphphotographywas employed to ascertain columntrajectories,
column fracture locations,and near-� eld spray characteristics. Results indicate that column breakup behavior can
be divided into two distinct regimes: aerodynamic and nonaerodynamic. Liquid column fracture locations were
found to be governed by length scales, which depend on the corresponding breakup regime. For aerodynamic
breakup, the column length scale was derived from the timescale for the analogousprocess of the aerodynamic sec-
ondary breakup of a droplet. For nonaerodynamicbreakup, the column length scale was derived from the timescale
for the breakup of a turbulent liquid jet issuing into a quiescent gas. A breakup regime parameter was de� ned to
determine, based on jet operating conditions, the prevalent breakup regime and, therefore, the appropriate col-
umn length scale. Liquid column trajectories were correlated with an effective jet-to-freestream momentum � ux
ratio and transverse injection angle by applying a force balance and momentum analysis. Comparisons between
experimental data and analytical predictions are presented and show excellent agreement in most cases.

Nomenclature
Cab = constant for aerodynamic breakup
CD = drag coef� cient, 2D / q 1 u2

1
Cfb = constant for nonaerodynamicbreakup
D = aerodynamic drag force
d = injector diameter
L = liquid column length scale
l = length
M = Mach number
Ohd = Ohnesorge number, l f / ( q j d r )1/ 2

q̄ = jet/freestream momentum � ux ratio, q j V 2
j / q 1 u2

1
Re f d = liquid jet Reynolds number, q j V j d / l j

Regd = freestream Reynolds number, q 1 u 1 d / l 1
Tb = breakup regime parameter
t = time
u = axial velocity component
ū rel = relative freestream velocity, (u 1 ¡ u j ) /u 1
V j = jet exit velocity
v = transverse velocity component
We f d = liquid Weber number, q j dV 2

j / r
Wegd = relative gas Weber number, q 1 d(u 1 ¡ u j )2 / r
x = axial coordinate
y = transverse coordinate
h = injection angle
l = molecular viscosity
q = mass density
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s = breakup timescale
r = liquid surface tension

Subscripts

ab = aerodynamic breakup
b = at column breakup location
f = liquid property
fb = nonaerodynamicbreakup
g = gas property
j = jet exit liquid property
1 = freestream air property

Introduction

L IQUID jet atomization in an air cross� ow is a critical process
in most airbreathing propulsion systems, including turbojet,

ramjet, and scramjet engines.1 – 3 In these devices, liquid fuel may
be injected from the combustor walls at various angles and under
various operating conditions. The combustion ef� ciency of these
devices depends heavily on the fuel distribution, which is driven
by the fuel jet penetration and disintegration processes. Recently,
Inamura and Nagai4 and Wu et al.5 have shown that the fuel dis-
tribution is very sensitive to the jet operating conditions and may
be controlled through various parameters. In general, the atomiza-
tion processes are quite complicated, and they are nearly impos-
sible to predict accurately with current computational techniques.
Therefore, combustor designers must rely on empirical models and
correlations to develop reliable prototypes and modify existing in-
jectionschemes.The constructionof robustmodelsand correlations,
however, requires an extensive databasecovering a very wide range
of operating conditions and geometrical con� gurations. Although
many researchershavestudiedthe subjectof normalinjectionin both
subsonic4 – 10 and supersonic � ows,11 – 17 the phenomena associated
with angled injection into subsonic cross� ows have been nearly ig-
nored. Although some angled injection work has been conductedin
the supersonic regime,15 – 17 these results are not directly applicable
to the subsonic regime. Therefore, it is the purpose of this investi-
gation to examine and characterize the effects of injection angle on
the breakup processes of liquid jets in subsonic cross� ows.
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Fig. 1 Typical breakup process of a liquid jet in an air cross� ow.

Many previous studies of liquid injection into a cross� ow of air
have identi� ed the fundamental features of jet penetration and dis-
integration. In general, the spray plume may be divided into three
separate regions, that is, 1) the liquid column, 2) the ligament, and
3) the droplet regions (Fig. 1). The formation of the droplet region
dependsheavilyon the ligamentregion,which in turn dependsheav-
ily on the liquid column breakup behavior. Therefore, a thorough
understandingof the entire process must begin with complete char-
acterization of the liquid column. The liquid column is the core of
jet liquid that forms a continuous stream between the jet exit and
the � rst point of complete fracture. This core may be turbulent or
nonturbulentat the nozzle exit and will in either case exhibit distinct
surfacebreakupcharacteristics.18 Furthermore,over a wide rangeof
jet operating conditions, liquid properties, and geometrical con� g-
urations, the liquid column appearance, length, and steadiness will
vary signi� cantly.

The objective of this study is to investigate the effects of injec-
tion angle on the near-� eld atomization process of liquid jets in
a subsonic cross� ow of air. Particular emphasis is placed on the
liquid column as a � rst step in gaining an understanding of the
complete process. Attention is focused on the column waves, tra-
jectory, and point of fracture, and how each affects the ligament
and near-� eld droplet regions. This paper presents 1) an account of
the experimentalmethods; 2) qualitativedescriptionsof the column
wave, trajectory,and surfacebreakupcharacteristics;3) a behavioral
regime map; 4) a phenomenologicalanalysis; and 5) correlation of
and comparison with experimental data.

Experimental Methods
Apparatus and Instrumentation

Liquid jets were injected into a subsonic/transonic liquid spray
tunnel with the injectornozzle exit mounted � ush in the bottomwall
of the test section.Detailed descriptionsof the design and operation
of facility as well as documented � ow conditions have been pre-
sented in previous studies.19, 20 The facility had a rectangular test
section measuring 125 mm wide, 75 mm high, and 406 mm long.
The test section had quartz windows in both side walls as well as
the top wall for laser diagnostics and � ow visualization.The main
air� ow was supplied by a series of turbine and reciprocating com-
pressors capable of providing air mass � ow rates of up to 15 kg/s
with a stagnation pressure and temperature of up to 5.1 MPa and
920 K, respectively.A large exhaustsystem loweredand maintained
the back pressure with a lower limit of nearly 20 kPa. The air Mach
number in the test section was controlled by adjusting a variable-
areanozzleundera chokedconditiondownstreamof the test section;
the Mach number was governed by the ratio of the test section area
to the nozzle throat area. This � ow path generated wall boundary
layers, which were typically less than 4 mm thick.

The liquidinjectionsystemconsistedof a largeholdingtank,com-
pressednitrogenbottle,pressureregulator,throttlingvalve, coriolis-
type mass � ow meter, and an injector nozzle unit. The holding tank
had an internal volume of approximately 0.14 m3 and a pressure
rating of 3 MPa. Prior to the experiment, the tank was � lled with
the test liquid, sealed, and pressurized with compressed nitrogen.
The liquid mass � ow rate was then controlled by adjusting the tank
pressure and set according to a readout on the mass � ow meter. The

Fig. 2 Typical nozzle geometry used in present investigation.

mass � ow meter was accurate to within §0.5% of a given reading.
The measured mass � ow rate was then used to determine the mag-
nitude of the mass-averaged injection velocity at the injector exit
according to V j = Çm j / ( q j A j ).

A typical nozzle geometry is shown in Fig. 2. Each nozzle pas-
sage had an inlet diameter of 7.62 mm followed by a 60-deg taper
to a straight passage with a diameter equal to an exit diameter of
0.51 mm. In each case, the straight passage just before the jet exit
had a length-to-diameter ratio of 20. These relatively large l / d re-
sulted in liquid jets that were turbulent at the injector exit over the
range of conditions tested. Finally, the transition from the tapered
section to the straight passagewas rounded to avoid � ow cavitation.

The liquid jets issuing into the subsonic air� ow were visualized
using a spark-shadowgraph technique with a xenon arc lamp and
nanopulser.This system provided a high-intensitylight source with
a pulse duration of approximately 20 ns, which could effectively
freeze the motion of the liquid column and droplets. The light was
collimated, passed through the test section, refocused, and then
magni� ed. The magni� cation factor was set at 2.58 by choosing
the appropriateoptical components and path lengths. The resulting
images were recorded on Polaroid Type-57 (ASA3000) black-and-
white � lm using a 4 £ 5 Speed Graphic camera with an open shutter
in a darkened room. The � eld of view was approximately 44 £
34 mm, which provided good spatial resolution of the liquid col-
umn and near-� eld spray. For the test condition, four images were
recorded. Each image was then digitally scanned with a spatial res-
olution of 150 dots per inch and was stored on magnetic disk for
subsequent processing.

Test Conditions
The liquid density was measured using a hydrometer that was

accurate to within 0.5 kg/m3 . A Cannon–Fenske viscometer was
used to measure the liquidviscositywith a measurementuncertainty
of less than 0.2%. The liquid surface tension was measured using
a ring tensiometer that was accurate to within 0.0005 N/m. For
the water tested, these measurements yielded a liquid density q f of
997 kg/m3 , a liquid viscosity l f of 8.65 £ 10 ¡ 4 kg/m/s, and a liquid
surface tension r of 70.5 £ 10 ¡ 3 N/m.

Injection angles of, nominally, 30, 45, 60, 75, and 90 deg were
tested. The magnitude of the liquid injection velocity was var-
ied from 19.3 to 54.1 m/s. Tests were conducted with freestream
Mach numbers of 0.2, 0.3, and 0.4, so that with the average am-
bient temperature of 298 K, the freestream velocities were 69.2,
103.8, and 138.4 m/s, respectively. The freestream static pressure
was maintained at 140 kPa. The resulting matrix of dimension-
less parameters was as follows: 12.0 · q̄ ·377; 5.5 ·Wegd ·223;
2500 · We f d · 19,600; 3140 · Regd · 6280; 10,900 · Re f d

·30,600; and Ohd =0.00482.

Results and Discussion
Column Wave Behavior
Flow Visualization

Figures 3 and 4 show the typical effects of injection angle on the
liquid jet breakup processes for q̄ =48 and M 1 = 0.2 and 0.4, re-
spectively. In each case, as the injection angle was decreased from
90 to 30 deg, the relative freestream velocity ūrel also decreased.
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a) µ= 90 deg

b) µ= 75 deg

c) µ= 60 deg

d) µ= 45 deg

e) µ= 30 deg

Fig. 3 Effects of injection angle on water jets in a subsonic cross� ow:
Åq = 48.1, M1 = 0.2.

Therefore, a decrease in h with a constant q̄ results in a reduction
of the aerodynamic forces acting on the column. When the injec-
tion angle is very shallow, the entire liquid column becomes nearly
aligned with the freestream, and the � ow conditions approach the
case of a parallel jet in a moving stream. Furthermore, when the
angle is low and the jet velocity approaches that of the freestream,
the effects of liquid inertial forces and liquid turbulence on the col-
umn breakup behavior may become more apparent. The following
describes how these variations in operating conditions affected the
column wave behavior and jet breakup processes.

µ= 90 deg

µ= 75 deg

µ= 60 deg

µ= 45 deg

µ= 30 deg

Fig. 4 Effect of injection angle on water jets in a subsonic cross� ow:
Åq = 48.1, M1 = 0.4.

For the case of M 1 =0.2, shown in Fig. 3, as the injection angle
was decreased, the liquid column straightened, the overall pene-
tration decreased within the � eld of view, the atomization process
was inhibited, and the spray appeared to become less uniform. As
h was decreased from 90 to 30 deg, ū rel decreased from 1.0 to 0.8,
respectively. Here, u 1 was relatively small for each of the injec-
tion angles tested and the effects of liquid turbulenceon the column
breakup behavior became more pronounced as the injection angle
was decreased. In the 90-deg case, shown in Fig. 3a, the column
fracture was preceded by the developmentof windward waves, and
the liquid column showed no large kinks or twists prior to breakup.
Schetz et al.12 have shown that these windward waves develop as
a result of aerodynamic acceleration along the direction of the col-
umn. Inamura and Nagai4 showed that these waves are primarily
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two-dimensionalat low air velocities and become more complex at
higher air velocities. Furthermore, they found that the disturbance
wave is ampli� ed rapidly downstream along the jet surface and re-
sults in the liquid jet disintegration. In the 30-deg case, however,
shown in Fig. 3e, the liquid column, in addition to windward waves,
exhibited large kinks and twists prior to complete fracture. This be-
havioris similar to that identi� edby Haenlein21 as the sinuouswave-
type breakup for liquid jets issuing into a quiescent gas medium.
Examples of the sinuous wave-type breakup have been shown by
Hoyt and Taylor22 and Wu andFaeth.23 In suchcases, the jet breakup
is driven by liquid turbulence, inertial forces, and liquid–air inter-
face instabilities.Here, where u 1 was very low, it is reasonable to
expect the effects of liquid turbulence and liquid inertial force to
become more pronounced. Furthermore, this transition in breakup
mechanisms appeared to be accompanied by a growing periodicity
in column fracture. This periodicity is evidenced by the discrete
clumps of liquid that appear along the spray trajectory. These dis-
crete clumps are produced by periodic and violent fractures of the
liquid column similar to that described by Sherman and Schetz,11

where the breakup mechanism was characterizedby gross jet frac-
ture, as opposed to surface disintegration.For liquid jets in a coaxial
air � ow, Chigier and Reitz24 classi� ed this type of behavior as a
pulsating breakup submode, where different jet instabilities, such
as capillary helical, and Kelvin–Helmholtz instabilities, dominate
the mechanisms. It was stated that this behavior occurs in all sprays
to some lesser or greater extent. Finally, atomization was inhibited
with decreasingangle, as is clearly indicatedby the relative average
drop size at the end of the � eld of view.

The case of M 1 =0.4, shown in Fig. 4, exhibitedbehaviorsimilar
to the preceding case, that is, as the injection angle decreased, the
liquid column became straighter, the overall penetration decreased
within the � eld of view, and the atomization process was inhibited
and became more unsteady. As h was decreased from 90 to 30 deg,
ū rel again decreased from 1.0 to 0.8. In this case, however, u 1 was
much higher than in the earlier case, and the enhanced effects of
the aerodynamic forces became quite apparent. The increased aero-
dynamic forces greatly augmented the atomization process, and the
characteristicsof nonaerodynamiccolumn breakup (those resulting
from liquid turbulenceand liquid inertial forces) couldnot be identi-
� ed.At low injectionangles,however,andespeciallyfor h =30 deg,
the jet structure takes on an appearancevery similar to a coaxial jet
with signi� cant aerodynamic forces. For a liquid jet in a coaxial
air � ow, Chigier and Reitz24 have classi� ed this type of breakup as
the � ber-typebreakupmode, where the atomization begins with the
formation of � bers and their peeling off the main liquid core. Fur-
thermore, the increase in cross� ow air velocity caused the pulsating
nature of the spray to become more pronounced.This behavior was
also observedby Chigier and Reitz24 for coaxial jets and was classi-
� ed as a superpulsatingdisintegrationsubmode. It was determined
that, for coaxial jets, this type of disintegration occurs when a low
liquid mass � ow rate is conjoined with a very high gas velocity.

A comparison of Figs. 3 and 4 for equal injection angles, with
q̄ being held constant, shows that there was no apparent change in
the overall penetration with the increase in u 1 . Thus, for a given h ,
the jet-to-freestreamdynamic pressureratio q̄ remains the dominant
factor in determining jet penetration, even when the h is small.

Figures 5 and 6 show the effects of q̄ on angled liquid jets in a
M 1 =0.3 cross� ow with h =60 and 30 deg, respectively. In each
case, q̄ was varied from 21 to 168, which resulted in a moderate
reduction of ūrel. For h < 90 deg, it is not possible to change q̄
without varying ū rel. The preceding observationssuggest, however,
that variationsin u 1 for a given h and q̄ do not affect jet penetration.
Therefore,thevariationsin jet penetrationfor a constant h andd may
be attributed to q̄ alone, although the breakupmechanismsmay not.

For the case of h =60 deg, shown in Fig. 5, the penetration in-
creased, the trajectory became straighter, and the liquid column in-
creasedin length as q̄ was increased.As q̄ increasedfrom 21 to 168,
ū rel decreased from 0.93 to 0.81, respectively.Although this is only
a moderate change in ū rel, its potential effect on the breakup mech-
anisms must be noted. At each q̄ , the breakup process appeared to
be fairly uniform, as no large clumps of liquid were observed in the
spray.As q̄ increased,however,the liquidcolumnbecamestraighter,
thinner, and more distinct. Furthermore, column wave development

Åq = 21

Åq = 42

Åq = 86

Åq = 168

Fig. 5 Effect of Åq on angled water jets in a subsonic cross� ow: µ=
60 deg, M 1 = 0.3.

appeared to be suppressedas the liquid column lengthenedwith in-
creasing q̄ . Finally, at higher q̄ , thin threads of liquid being stripped
away from the liquid column could be observed near the jet exit.

The case of h =30 deg, shown in Fig. 6, exhibited behavior sim-
ilar to the earlier case. That is, as q̄ was increased, the penetration
increased, the trajectory became straighter, and the liquid column
increased in length. As q̄ was increased from 21 to 168, ū rel de-
creased from 0.89 to 0.68, respectively.Again, although this is only
a moderate change in ū rel, its potential effect on the breakupmecha-
nisms must be noted.Unlike the precedingcase, however, the effects
of liquid turbulence on the column could be observed, and the be-
havior appeared more periodic at the lower q̄ . At the lower q̄, the
liquid column developed large waves, and it became quite distorted
and kinked prior to complete fracture, with an appearance similar
to � ber-type breakup mode identi� ed by Chigier and Reitz.24 The
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Åq = 21

Åq = 42

Åq = 86

Åq = 168
Fig. 6 Effect of Åq on angled water jets in a subsonic cross� ow: µ=
30 deg, M 1 = 0.3.

overall trajectory of the liquid column, however, appeared to be rel-
atively straight. This was expected because the aerodynamic drag
force is nearly aligned with the liquid column and should not result
in much curvature.Therefore, it is reasonableto suspect that � uidic
mechanisms within the jet, rather than aerodynamic mechanisms
acting on the jet, may be more signi� cant and possiblydominate the
column breakup process. At the higher q̄, unlike the lower q̄, the
column exhibited small surface waves and showed little distortion
in the form of kinks or twists. Again, the column showed very little
curvature in the freestream direction, indicating a minor in� uence
of aerodynamic forces on the column trajectory prior to fracture.

Breakup Regimes
The precedingobservationsindicate that the columnbreakuppro-

cess may be divided into two distinct regimes: aerodynamic and
nonaerodynamic.For aerodynamicbreakup,the aerodynamicforces
associated with the gaseous cross� ow accelerate the column in the
freestream direction and induce unstable surface waves that ulti-
mately lead to column fracture. For nonaerodynamic breakup, liq-
uid turbulenceand liquid inertial forcesgenerate instabilitieswithin
the liquid itself and cause large-scale column deformations, which
ultimately lead to column fracture. The dominance of either regime
is governed by the jet operating conditions, although, both mech-
anisms are present to some extent in both cases. As was observed
earlier, ū rel, u 1 , and q̄ played an important role in the appearanceof
these differentcharacteristics.To predictbreakupbehaviorbasedon
operatingconditions,a breakupregimeparameterTb , to bepresented
subsequently,was de� ned as the ratio of the aerodynamic breakup
timescale to thenonaerodynamicbreakuptimescale.Using this de� -

Fig. 7 Regime map of column breakup behavior.

nition,Tb < 1 indicatesa dominanceof aerodynamicforces,whereas
Tb > 1 indicatesa dominanceof liquid forces.Figure 7 shows a map
of h vs Tb and the corresponding breakup regimes over the entire
range of test conditions. Visual scrutiny of the entire set of images
revealedthat, indeed, a line dividing the appearanceof aerodynamic
and nonaerodynamicbreakup characteristicscould be drawn at ap-
proximatelyTb ¼ 1. Near Tb =1, however, the predominantbreakup
mechanism was not always obvious, and the mixed-type of behav-
ior was classi� ed as residing in a transition region. This transition
region was very narrow as it did not extend beyond 0.9 < Tb < 1.5.
Although the visual distinction between breakup characteristics is
rather subjective at this point, the threshold will be substantiated
in quanti� able terms to be discussed later. The location of column
fracture and, therefore, the column length is governedby the preva-
lent breakup regime. Therefore, as will be shown, the appropriate
timescale for the column breakup length will be decisive in deter-
mining the correspondingbreakup regime.

Column Trajectory and Fracture
Liquid Column Trajectory

Previous investigations have focused primarily on the measure-
ment of overall spray trajectories where small droplets dominate
the mixing process in the far-� eld regions. As a result, the liquid
column trajectory predictionsare not optimized within their respec-
tive regime. That is, the overall trajectory prediction may not � t the
column trajectory as well as a correlationdevelopedfor that regime
alone. In a study conductedby Wu et al.,10 however, the liquid col-
umn trajectorieswere analyzedby balancing the liquid acceleration
with the aerodynamic drag forces in the airstream direction. This
phenomenological analysis provided simple correlations based on
fundamental physics without the need for numerical solutions of
complicatedgoverningequations.Furthermore,such a model of the
liquid column regime provides a � rst step in modeling the entire
atomization process. The same approach was used in the present
investigation.

In this study, the trajectory of the liquid column was modeled by
consideringa cylindricalelement of � uid subject to an aerodynamic
drag force. This situation is shown in the force diagram in Fig. 8.
An element of � uid emerging from the jet exit is assumed to have
a constant diameter equal to the jet exit diameter d and length l,
as it moves along the column trajectory.These assumptionsneglect
column deformation, evaporation, and droplet dispersion, though
these effects will be accounted for later by introducing an average
drag coef� cient. As the � uid element exits the jet ori� ce, it has
an initial velocity V j at an initial angle equal to the injector angle
h . The air cross� ow will cause the element to undergo a change in
momentum as it acceleratesin the directionof the aerodynamicdrag
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Fig. 8 Force diagram used in the present analysis.

force. The drag force is assumed to be parallel to the freestream
direction over the entire length of the column, and the effects of
gravity are neglected.As a result, the � uid element will be de� ected
into the direction of the freestream. By introducingan average drag
coef� cient CD , the axial momentum equation can be written as
follows:

p

4
q f d

2l
du f

dt
=

1

2
CD q g(ug ¡ u f )[(ug ¡ u f )

2 + (vg ¡ v f )
2]

1
2 ld (1)

To render Eq. (1) more tractable, the following considerations
were made. For the present investigation, (vg ¡ v f )2 was estimated
to be considerably less than (ug ¡ u f )2 in most cases and was
therefore neglected. Additionally, the variation in u f was, in most
cases, very small as compared to ug , so that the approximation
ug ¡ u f ¼ ug ¡ u j could be made. Finally, q g and ug were assumed
to remain constant at their respective freestream values, and q f and
u f were assumed to remain constant at their respective jet exit val-
ues, q j and u j . The following summarizes these assumptions used
in the subsequent derivation:

(vg ¡ v f )
2 ¿ (ug ¡ u f )

2 , ug ¡ u f ¼ ug ¡ u j

q g = q 1 = const, q f = q j = const

ug = u 1 = const, v f = v j = V j sin h = const

Using these assumptions, the axial momentum equation (1) was
reduced to

du f

dt
=

2CD

d p

q 1

q j
(u 1 ¡ u j )

2 (2)

so that integration of the axial momentum equation with respect to
time yielded

u f =
2CD

d p

q 1

q j
(u 1 ¡ u j )

2t + u j (3)

With u f = dx / dt , a second integration with respect to time yielded

x =
CD

d p

q 1

q j
(u 1 ¡ u j )

2t 2 + u j t (4)

Because the transverse velocity of the liquid column was assumed
to be constant and equal to the transverse component of the jet exit
velocity, v f =dy /dt = v j , then y = v j t , and the trajectory equation
could be written as

x

d
=

CD

p

q 1

q j

(u 1 ¡ u j )2

v2
j

(y

d)
2

+
u j

v j
(y

d) (5)

Equation (5) could then be expressed in terms of the jet-to-
freestream momentum � ux ratio q̄ and the injection angle h as
follows:

x

d
=

1
p

CD

q̄ sin2 h (1 ¡
V j cos h

u 1 )
2

(y

d )
2

+
cos h

sin h (y

d) (6)

The actual liquidcolumntrajectorieswere obtainedfromdigitally
scanned images of the shadowgraphs. The data acquisition proce-
dure was automated by using in-house image processing software
developed speci� cally for spray analysis.With the image displayed
on the computer screen, the user was prompted to indicate, using

the mouse pointer, the point of jet exit and the point of column
fracture near the windward surface. The user was then prompted to
identify 18 points, equally spaced in the vertical dimension, on the
windward column surface between the jet exit and point of fracture.
These coordinateswere then stored in a � le for subsequentanalysis.
This procedurewas performedon each of the four images produced
for each of the 60 different test conditions yielding a total of nearly
5000 test points. Using these results, an average drag coef� cient
was iteratively determined such that the � nal value for CD yielded
an average ratio of predicted-to-measured values equal to one.

The resulting overall average of CD was 4.39 with an overall
standard deviation of less than 30%. A higher drag coef� cient is
requiredfor caseswhere h was very lowand q̄ was veryhigh. In those
cases, the original assumptions in the derivation of the trajectory
equation begin to break down, and applicabilityapproachesa limit.
When h is very low and q̄ is very high, however, the trajectory is
dominatedby the linear termofEq. (6), and theeffectofCD becomes
much less signi� cant. Thus, the lower, averagedCD providesa good
predictionof the column trajectoryover the entire rangeof operating
conditions tested.

The average drag coef� cient of CD = 4.39 determined in the
present investigation is signi� cantly higher than the value of 1.70
previously determined by Wu et al.10 It is suspected that signi� cant
facility modi� cations, which resulted in a thinner boundary layer
(by a factor of 2), may have caused the discrepancy in results. Fur-
thermore, differences in injector nozzle design and passage lengths
may also have contributed to the disparity.Both values of CD , how-
ever, are larger than the drag coef� cients for � ow passing over a
solid circular cylinder25 and for the theoreticalpredictionsof liquid
injection by Adelberg26 and Nguyen and Karagozian.27 The larger
values may be due to signi� cant column deformationnot accounted
for in the model.

The predicted column trajectories for x /d > 1 were plotted
against the measured column trajectories as shown in Fig. 9. The
average ratio of predicted-to-measuredx / d values was 1.000 with
a standard deviation of less than 15%. For longer column lengths,
the correlation tended to overpredict the column penetration. This
is a result of the use of an average drag coef� cient that was biased
by the abundance of shorter column lengths, which generally had
lower drag coef� cients. Furthermore, the cases where the column
lengthswere very long were those where h was very low and q̄ was
very high. Again, these cases stretch the applicability of the origi-
nal assumptions to their limit and result in an exaggeration of the
predicted linearity of the column trajectory.The underpredictionof
the x / d are within one standard deviation r for most cases.

Fracture Location
The column fracture locationwas modeledusing the timescale for

the aerodynamic secondary breakup of a spherical droplet and the
breakup timescale for a turbulent liquid jet issuing into a quiescent

Fig. 9 Predicted vs measured column trajectories.
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gas. The former approach was � rst applied by Wu et al.10 and was
deemedplausiblebecausethe breakupmechanismsfor columnsand
droplets,subject to signi� cant aerodynamicforces, are very similar.
Furthermore, Hsiang and Faeth28 indicated that the timescale for
shear breakupdeterminedby Ranger and Nicholls29 was also appli-
cable to other breakupregimes.The aerodynamicbreakuptimescale
s ab for a liquid jet with an initial streamwise velocity u j could be
written as

s ab = Cab
d

u 1 ¡ u j !
q j

q 1
(7)

In cases where (u 1 ¡ u j ) was small, however, the effects of non-
aerodynamic breakup mechanisms caused the column to fracture
with a length much shorter than that predicted by the aerodynamic
timescale.In thesecases,a timescaleforbreakupof a turbulentliquid
jet issuing into a quiescent medium was employed. This timescale
was obtained by assuming that the column length is proportional
to cubic root of the liquid Weber number. This was justi� ed by the
results of Grant and Middleman,30 Chen and Davis,31 and Wu and
Faeth.23 Then, assuming that the liquid velocity remains constant
alongtheentire liquidcore [neglectingaccelerationin the freestream
direction due to aerodynamic forces is justi� ed because (u 1 ¡ u j )
was very small in these cases] the timescale for breakup of a turbu-
lent jet resulting from nonaerodynamicmechanismsmay be written
as

s fb = Cfb(d / V j )We
1
3
f d (8)

With the appropriate constants of proportionality,Cab and Cfb , the
shorter timescale will ultimately determine the point of fracture.
This criterion may be established by combining Eqs. (7) and (8) to
form the following parameter:

Tb =
s ab

s fb
=

Cab

Cfb

V j

u 1 ¡ u j !
q j

q 1
We

¡ 1
3

f d (9)

The constants Cab and Cfb can be empirically determined from the
measured column lengths. It is important to note that whereas Cab

and Cfb may vary with gas and liquid properties and may show
facility dependence, the crossover between aerodynamic and non-
aerodynamic breakup will, by de� nition, always occur at Tb equal
to unity.

The preceding timescales for the completion of the column
breakup were used to determine the distance required for the liquid
column to fracture under the given conditions. Because the trans-
verse componentof the injectantvelocity is assumed to remain con-
stant up to the point of fracture, the transversebreakupdistancemay
then be obtained using

yb

d
= Cab

V j sin h

u 1 ¡ V j cos h ! q j

q 1
= Cab

Lab

d
(10)

for aerodynamicbreakup (Tb < 1), or

yb / d = CfbWe
1
3
f d sin h = Cfb(L fb / d) (11)

for nonaerodynamic breakup (Tb > 1), where Lab and L fb are the
aerodynamic and nonaerodynamic column length scales, respec-
tively. The axial fracture distance xb / d was then determined by
substitutingeither Eq. (10) or Eq. (11), whichever was appropriate,
into Eq. (6). This resulted in the following relations:

xb

d
=

CDC 2
ab

p
+ Cab

V j cos h

u 1 ¡ V j cos h ! q j

q 1
(12)

for aerodynamicbreakup (Tb < 1), or

xb

d
=

1

T 2
b

CDC2
ab

p
+ CfbWe

1
3
f d cos h (13)

for nonaerodynamic breakup (Tb > 1). Note that when h = 90 deg,
xb / d will be a constant for Tb < 1 and will vary inversely with T 2

b
for Tb > 1.

Fig. 10 Liquid column length scales.

The breakupcoef� cientsCab and Cfb were determinedby plotting
yb / Lab and yb / L fb for each conditionover the entire range of Tb . By
the examination of Fig. 10, the value and range of applicability for
each coef� cient couldbe determinedand observed,respectively.For
Tb < 1, the ratio yb / L ab was relatively constant, although, Tb > 1,
the ratio yb / L ab was proportional to T ¡ 1

b . Likewise, for Tb > 1, the
ratio yb / L fb was relatively constant, whereas for Tb < 1, the ratio
yb / L fb was proportionalto Tb . BecauseTb is equal to the ratio s ab / s fb

and, therefore, Lab / L fb, coordinate yb should scale with Lab for
Tb < 1 and L fb for Tb > 1. The average Cab for Tb < 1 was 2.58
with a standard deviation of less than 23%; Wu et al.10 obtained a
constantof3.44.The averageCfb forTb > 1 was 1.70,with a standard
deviation of less than 17%. The constant of proportionality for Tb

in Eq. (9) was then determined to be Cab / Cfb =1.52. Hence, Eq.
(9) could be used to determine the breakup regime and, therefore,
the appropriate correlations for the breakup coordinates based on
whether Tb is less than or greater than unity.

It should be noted that for Tb < 1 and h =90 deg, Eq. (12) yields
a constant of xb / d =9.30. Wu et al.10 obtained a predicted value of
6.40.Again, as in the case of the drag coef� cient, the differencemay
be attributed to a thinner boundary layer. With the thinner boundary
layer, the average CD will be larger and Cab will be smaller. In this
case, CD was much more sensitive to the change in boundary-layer
thickness, so that the breakup distance increased. These results,
however, may differ for varying � uid properties.

Figure 11 shows the predicted vs measured column fracture
heights.The overall predictionwas quite good with an average ratio
of predicted-to-measured values of 1.00 and a standarddeviationof
10.3%. The scatter appears to be large for large y / d, although the
percent differences are comparable to data at the smaller y / d.

Figure 12 shows the results of the predicted vs measured col-
umn fracture distances. In this case, the average ratio of predicted-
to-measured values was 0.95, with a standard deviation of 13.9%.
Again, the scatter appears to be large for large x / d, although, the
percent differencesare comparable to data at the smaller x /d . Note
that for Tb < 1 and h = 90 deg, the breakup distance was fairly con-
stant with an average value of 9.10, which was within 2.2% of the
predicted value of 9.30.

Summary of Empirical Correlations
The following is a summary of the analytical/empirical relations

obtained in this investigation.Although the constants may only re-
� ect those case tested here, the trends should apply to other cases
as well.
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Fig. 11 Predicted vs measured column fracture height.

Fig. 12 Predicted vs measured column fracture distance.

Column trajectory:

x

d
=

1
p

4.4

q̄ sin2 h (1 ¡
V j cos h

u 1 )
2

(y

d)
2

+
cos h

sin h (y

d) (14)

Breakup regime parameter:

Tb =
3

2

V j

u 1 ¡ V j cos h ! q j

q 1
We

¡ 1
3

f d (15)

Column fracture height:

yb

d
= 2.6

V j sin h

u 1 ¡ V j cos h ! q j

q 1
, Tb < 1 (16)

yb

d
= 1.7We

1
3
f d sin h , Tb > 1 (17)

Column fracture distance:

xb

d
= 9.3 + 2.6

V j cos h

u 1 ¡ V j cos h ! q j

q 1
, Tb < 1 (18)

xb

d
=

9.3
T 2

b

+ 1.7We
1
3
f d cos h , Tb > 1 (19)

The preceding empirical correlations can thus be used to pre-
dict, with a good degree of accuracy, the column trajectory,column

Fig. 13 Spray images with predicted column trajectory overlays.

length, and spray appearance, for angled water jets in a subsonic
cross� ow of air operating within the limits of conditions tested in
this investigation.As a check,a computerprogramwas written to su-
perimpose predicted trajectories and breakup locations on arbitrar-
ily chosen spray images. Figure 13 shows two typical spray images
with predicted trajectoryoverlays; the circles indicate the predicted
fracture location. For nearly all cases, the qualitative comparisons
were comparable to those presented in Fig. 13. Cases that did not
compare as well were those where h was very low and V j was very
high. In those cases, the column linearity was overpredicted,which
resulted in a slight overpredictionof the penetration near the point
of column fracture.

Summary and Conclusions
The effects of injection angle on the breakup processes of tur-

bulent liquid jets in a subsonic cross� ow were investigated both
experimentally and analytically. With water as the test liquid, the
injectionangle, air Mach number, and injectionvelocitywere varied
over a wide rangeof operatingconditionsto providea largedatabase
of experimental results. Liquid column trajectories, fracture loca-
tions, and near-� eld spray characteristicswere ascertained through
pulsedshadowgraphphotographyanddigitalimageprocessingtech-
niques. Data were used to substantiateempirical constants required
for closure of derived analytical relations. These relations were de-
veloped to predict liquid column trajectories, breakup regime, and
column fracture locations. These results form a foundation from
which the development of a complete spray model may be con-
structed. The results of this investigation may be summarized as
follows:

1) For a given set of operating conditions, with decreasing injec-
tion angle, the liquid column straightens, the column penetration
decreases, the atomizationprocess is inhibited,and column fracture
becomes periodic in nature. Furthermore,a decrease in the injection
angle causes an increase in the axial component of the jet velocity
and, therefore, a decrease in the relative velocity between the liquid
and the air. This causes the breakup regime parameterTb to decrease
and may cause a transition in the breakup regime.

2)Columnfracturelocationsare correlatedwith jet operatingcon-
ditions and depend on the corresponding breakup regime as deter-
mined by the breakup regime parameter Tb . For Tb > 1, the column
fracture is governed by nonaerodynamic breakup, such as a turbu-
lent liquid jet in a quiescent gas. For Tb < 1, the column fracture
is governed by aerodynamicbreakup, and the column length scales
with the time for the analogous aerodynamic secondary breakup of
a liquid droplet.

3) For Tb < 1, the column breakup is largely dominated by aero-
dynamic mechanisms. The liquid column exhibits well-de� ned,
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two-dimensional windward surface waves and does not develop
any large kinks or twists prior to breakup. As Tb is decreased,
these surface waves become more complex, and the atomization
process is enhanced. For very small Tb and h < 90 deg, the liquid
column may exhibit a � ber-type breakup and may also exhibit a
pulsating behavior; these effects become more pronounced as h is
decreased.

4) For Tb > 1, column breakup is largely dominated by nonaero-
dynamic mechanisms; that is, the breakup is driven by liquid turbu-
lence and liquid inertial forces.As Tb is increased,the liquidcolumn
becomes very straight and the atomization process is inhibited. For
low air velocities,the liquid columnexhibits large waves, kinks, and
twists prior to breakup and may also exhibit a pronouncedpulsating
behavior for h < 90 deg.

5) Regardless of breakup regime, the liquid column trajectory is
correlated with the jet-to-freestreammomentum � ux ratio q̄ , injec-
tion angle h , and an empirically determined drag coef� cient CD .
The trajectory equation has a binomial form and is derived from a
simple force balance and momentum analysis. The equation indi-
cates that for low q̄ and high h , the squaredterm is dominant,and the
column exhibits a large degree of curvature. For high q̄ and low h ,
however, the linear term is dominant, and the column is straighter.
These predictions are in complete accordance with experimental
observation.

As a � nal note, the resultspresentedhere are, of course, limited to
water injectedinto an air cross� ow. Future studiesshould investigate
the effectsof liquidpropertiesand cross� ow gas properties.Further-
more, the effects of boundary-layerthickness and pro� le shape will
affect the empirically determined constantsand must be considered
before applying the equations presented in this study. Studies are
being conducted to resolve the effects of boundary-layershape and
thickness on the empirically determined drag coef� cient.
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